In this paper, the existence of solutions for a second-order impulsive differential equation with two parameters on the half-line is investigated. Applying variational methods, we give some new criteria to guarantee that the impulsive problem has at least one classical solution, three classical solutions and infinitely many classical solutions, respectively. Some recent results are extended and significantly improved. Two examples are presented to demonstrate the application of our main results.
Introduction
In this paper, we consider the following boundary value problem with impulses: -u (t) + cu(t) = λg t, u(t) , a.e. t ∈ [, +∞), On the other hand, impulsive differential equations have been widely applied in biology, control theory, industrial robotics, medicine, population dynamics and so on; see [-] . Due to its significance, a lot of work has been done in the theory of impulsive differential equations, we refer the reader to [-] . Some classical approaches and tools have been used to investigate BVPs for impulsive differential equations. These classical approaches and tools include the method of upper and lower solutions [, ] , fixed point theorems [] and topological degree theory [, ] .
Recently, some researchers have used variational methods to investigate the existence and multiplicity of solutions for impulsive BVPs on the finite intervals [-]. However, as far as we know, with the exception of [, ], the study of solutions of impulsive BVPs on the infinite intervals via variational methods has received considerably less attention. More precisely, in [, ] , the authors studied the following BVP: -u (t) + u(t) = λg t, u(t) , a.e. t ∈ [, +∞),
where λ is a positive parameter, h, I j ∈ C(R, R) and g ∈ C([, +∞) × R, R). They obtained the existence and multiplicity of solutions for (.) via variational methods. Obviously, problem (.) is a generalization of problem (.). In fact, problem (.) follows from problem (.) by letting c = .
Motivated by the above facts, in this paper, we will improve and generalize some results in [, ] .
In this paper, we need the following conditions. 
for a.e. t ∈ [, +∞) and all u ∈ R.
(A  ) There exists a constant m satisfying
Remark . Obviously, Theorem . generalizes Theorem . in [] . Furthermore, the function (A  ) There exist constants c , c j >  and δ, δ j ∈ (, ) such that 
The remainder of this paper is organized as follows. In Section , we present some preliminaries. In Section , we give the proof of Theorems .-.. Finally, two examples are presented to illustrate the main results.
Preliminaries
In order to prove Theorem ., we will need to the following critical points theorem.
Theorem . ([, ]) Let X be a reflexive real Banach space, let : X → R be a sequentially weakly lower semicontinuous, coercive and continuously Gâteaux differentiable functional whose Gâteaux derivative admits a continuous inverse on X
* , and let : X → R be a sequentially weakly upper semicontinuous and continuously Gâteaux differentiable functional whose Gâteaux derivative is compact. Assume that there exist r ∈ R and x  , x  ∈ X, with (x  ) < r < (x  ) and (x  ) =  such that
[, the functional -λ is coercive. Then for each λ ∈ r , the functional -λ has at three distinct critical points in X.
In order to prove Theorem ., we will need to the following definitions and theorems. Let X be a Banach space, ϕ ∈ C  (X, R) and e ∈ R. Let := J ⊂ X -{} : J is closed in X and symmetric with respect to  ,
Definition . ([])
For A ∈ , we say the genus of A is n (denoted by γ (A) = n) if there is an odd f ∈ C(A, R n \ {}) and n is the smallest integer with this property.
Definition . Suppose that X is a Banach space and ϕ ∈ C  (X, R). If any sequence {u n } ⊂ X for which ϕ(u n ) is bounded and ϕ (u n ) →  as n → ∞ possesses a convergent subsequence in X, we say that ϕ satisfies the Palais-Smale condition.
Theorem . ([])
Let ϕ be an even C  functional on X and satisfy the Palais-Smale condition. For any n ∈ N, set
and e = ϕ(), then γ (K e ) ≥ k  + .
Let us recall some basic concepts. Set
Denote the Sobolev space by
with the norm
this norm is equivalent to the usual norm. Hence, X is a reflexive Banach space.
Then C is a Banach space. In addition, X is continuously embedded in C, thus, there exists a constant β >  such that For every u ∈ X, put
It is clear that is Gâteaux differentiable at any u ∈ X and
for any v ∈ X. Obviously, : X → X * is continuous.
Clearly, : X → R is continuously Gâteaux differentiable functional at any u ∈ X and Proof Let {u n } ⊂ X, u n u in X, we see that {u n } converges uniformly to u on [, M] for any M ∈ (, +∞) and lim inf n→∞ u n X ≥ u X . Thus
So is sequentially weakly lower semicontinuous. Furthermore, in view of (.) and (A  ), we have
Thus, is coercive. Next we will show that admits a continuous inverse on X * . For each u ∈ X\{}, by (.) and (A  ), we have
So lim u X →+∞ (u), u / u X = +∞, that is, is coercive. For any u, v ∈ X, in view of (A  ) and (.), we have 
Lemma . Assume that (A  ) holds, then is sequentially weakly lower semicontinuous, coercive and its derivative admits a continuous inverse on X * .
Proof The proof is similar to the proof of Lemma ., and we omit it here.
Lemma . Suppose that
Proof Assume that u n u. In view of (A  ) and (.), we have
Applying the Lebesgue dominated convergence theorem, the lemma is proved.
Lemma . The functional is a sequentially weakly upper semicontinuous and its derivative is compact.
Proof Let {u n } ⊂ X, u n u in X, we see that {u n } converges uniformly to u on [, M] for any M ∈ (, +∞). It follows from the reverse Fatou lemma that
So is sequentially weakly upper semicontinuous.
Next we will show that is compact. Let {u n } ⊂ X, u n u in X. By Lemma ., we get
Thus, is strongly continuous on X, which implies that is a compact operator by [] , Proposition ..
Proof of Theorems 1.1-1.3
Now we give the proof of Theorem ..
Proof By Lemma ., is a sequentially weakly lower semicontinuous, continuously Gâteaux derivative and coercive functional whose Gâteaux derivative admits a continuous inverse on X * . By Lemma ., is a sequentially weakly upper semicontinuous and continuously Gâteaux differentiable functional whose Gâteaux derivative is compact.
and by (A  ), we obtain (u  ) < r < (u  ).
On the other hand, for any u ∈ X such that (u) ≤ r, we have u X ≤ (r)
By (.), (.), and (A  ), condition (i) in Theorem . is satisfied. For any u ∈ X, in view of (A  ), (A  ), and (.), we obtain
In view of (A  ), we get
[, problem (.) has at least three classical solutions. Now we give the proof of Theorem ..
Proof First of all, we will show that -λ is weakly lower semicontinuous. Let {u n } ⊂ X, u n u in X, we see that {u n } converges uniformly to u on [, M] with M ∈ (, +∞) an arbitrary constant and lim inf n→∞ u n X ≥ u X . By Lemma ., we have
Then -λ is sequentially weakly lower semicontinuous. Second, we will show that -λ is coercive. By (A  ), (A  ), and (.), we obtain Proof Let ϕ = -λ . Obviously, ϕ ∈ C  (X, R). In the following, we first show that ϕ is bounded from below. By (A  ), (A  ), and (.), we have
Since δ j , δ ∈ (, ) and γ  ∈ (, ), (.) implies that ϕ(u) → ∞ as u X → ∞. Consequently, ϕ is bounded from below. Next, we prove that ϕ satisfies the Palais-Smale condition. Suppose that {u n } ⊂ X such that {ϕ(u n )} be a bounded sequence and ϕ (u n ) →  as n → ∞, it follows from (.) that {u n } is bounded in X. From the reflexivity of X, we may extract a weakly convergent subsequence, which, for simplicity, we call {u n }, u n u in X. Next we will prove that u n → u in X. By (.) and (.), we have
The proof is similar to that of Lemma ., and we omit it here. By (.), we obtain
In view of (.)-(.), we obtain u n -u X →  as n → ∞. Then ϕ satisfies the Palais-Smale condition.
It is easy to see that ϕ is even and ϕ() = . In order to apply Theorem ., we prove now that for each n ∈ N, there exists ε >  such that γ ϕ -ε ≥ n. 
For any u ∈ E n , there exist λ i ∈ R, i = , , . . . , n, such that
Since all norms of any finite dimensional normed space are equivalent, so there exists
In view of (A  ), (A  ), (.), (.), (.), and (.), we get Together with the fact that ϕ ∈ C  (X, R) and is even, it implies that It follows from (.) and the fact that ϕ is bounded from below on X that -∞ < d n ≤ -ε < , that is, for any n ∈ N, d n is a real negative number. By Theorem ., ϕ has infinitely many critical points, and so problem (.) has infinitely many solutions.
Examples
In order to illustrate our results, we give two examples. 
